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Abstract
The purpose of this paper is to present a new mathematical model
for the dynamics of thin Cosserat elastic plates. Our approach, which
is based on a generalization of the classical Reissner-Mindlin plate the-
ory, takes into account the transverse variation of microrotation and cor-
responding microintertia of the the elastic plates. The model assumes
polynomial approximations over the plate thickness of asymmetric stress,
couple stress, displacement, and microrotation, which are consistent with
the elastic equilibrium, boundary conditions and the constitutive rela-
tionships. Based on the generalized Hellinger-Prange-Reissner variational
principle for the dynamics and strain-displacement relation we obtain the
complete dynamic theory of Cosserat plate.
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1 Introduction
This paper is straightforward extension of the static theory of Cosserat plates
[17] for the dynamic case. In order to describe dynamics of elastic plates with
microstructure that possess grains, particles, fibers, and cellular structures A.
C. Eringen (1967) was the first to propose a theory of plates in the framework
of Cosserat (micropolar) Elasticity [3]. His theory is based on a direct technique
of integration of the Cosserat Elasticity and assumes no variation of micropolar
rotations in the thickness direction. Eringen’s plate theory in the current form
does not produce the Reissner-Mindlin plate equations for zero microrotations.
In this paper we propose to use the Reissner-Mindlin’s plate theory as a foun-
dation for the modeling of dynamics Cosserat elastic plates. Our approach, in
1
addition to the transverse shear deformation, takes into account the second or-
der approximation of couple stresses and the variation of micropolar rotations
in the thickness direction and the corresponding inertia characteristics
2 Micropolar (Cosserat) Linear Elasticity
2.1 Fundamental Equations
Before proceeding some notation convention should be explained. We use the
usual summation conventions and all expressions that contain Latin letters as
subindices are understood to take values in the set {1, 2, 3}. When Greek letters
appear as subindices then it will be assumed that they can take the values 1 or
2.
The Cosserat elasticity equilibrium equations without body forces represent
the balance of linear and angular momentums of micropolar elasticity and have
the following form [3]:
divσ = ρu¨, (1)
ε · σ +divµ = Jϕ¨, (2)
where the quantity σ = {σji} is the stress tensor, µ =
{
µji
}
the couple stress
tensor, u and ϕ the displacement and rotation vectors, ρ and J = {Ji} the
material density and the rotatory inertia characteristics, and ε = {εijk} is
the Levi–Civita tensor, where εijk equals 1 or -1 according as (i, j, k) is an
even or odd permutation of 1,2,3 and zero otherwise, and ε · σ = {εijkσjk} .The
constitutive equation can be written in Nowacki’s form [12]:
σ = (µ+ α)γ + (µ− α)γT + λ(trγ)1, (3)
µ = (γ + ǫ)χ+ (γ − ǫ)χT + β(trχ)1, (4)
which we consider with the strain-displacement and torsion-rotation relations
γ =(∇u)
T
+ε · ϕ and χ = ∇ϕ, (5)
where quantities γ and χ , are the micropolar strain and torsion tensors, 1 the
identity tensor, µ, λ are the symmetric and β, ,γ,ǫ, α the asymmetric Cosserat
elasticity constants
The constitutive equations can be written in the reversible form:
γ = (µ′ + α′)σ + (µ′ − α′)σT + λ′(trσ)1, (6)
χ = (γ′ + ǫ′)µ+ (γ′ − ǫ′)µT + β(trµ)1. (7)
where µ′ = 14µ , α
′ = 14α , γ
′ = 14γ , ǫ
′ = 14ǫ , λ
′ = −λ
6µ(λ+ 2µ
3
)
and β′ = −β
6µ(β+ 2γ
3
)
.1
1Neff [10] uses the notation µ
c
for elastic parameter α.
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We consider a Cosserat elastic body B0. In this case the equilibrium equa-
tions (1) - (2) with constitutive formulas (3) - (4) and kinematics formulas (5)
should be accompanied by the following mixed boundary
u = uo, ϕ = ϕo on G1 = ∂B0\∂Bσ, (8)
σn = σ · n = σo, µn = µ · n = µo on G2 = ∂Bσ, (9)
and initial conditions
u(x,o) = Uo, ϕ(x,o) = Φo in B0, (10)
u˙(x,o) = U˜o, ϕ˙(x,o) = Φ˜o on Bo, (11)
where uo, ϕo are prescribed on G1, σo and µ on G2, and n denotes the outward
unit normal vector to ∂B0.
2.2 Cosserat Elastic Energy
The strain stored energy UC of the body B0 is defined by the integral [12]:
UC =
∫
B0
W {γ,χ} dv, (12)
where
W {γ,χ} =
µ+ α
2
γijγij +
µ− α
2
γijγji +
λ
2
γkkγnn (13)
+
γ + ǫ
2
χijχij +
γ − ǫ
2
χijχji +
β
2
χkkχnn,
then the constitutive relations (3) - (4) can be written in the form:
σ = Cσ [W] = ∇γW and µ = Cµ [W] = ∇χW. (14)
The function W is non-negative if and only if [12]
µ > 0, 3λ+ 2µ > 0,
γ > 0, 3β + 2γ > 0, (15)
α > 0, µ+ α > 0,
ǫ > 0, γ + ǫ > 0.
For future convenience, we present the stress energy
UK =
∫
B0
Φ {σ,µ} dv,
where
Φ {σ,µ} =
µ′ + α′
2
σijσij +
µ′ − α′
2
σijσji +
λ′
2
σkkσnn
+
γ′ + ǫ′
2
µijµij +
γ′ − ǫ′
2
µijµji +
β′
2
µkkµnn. (16)
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The reversible constitutive relation (6) - (7) can be also written in form:
γ = Kγ [σ] =
∂Φ
∂σ
, χ = Kχ [µ] =
∂Φ
∂µ
. (17)
The total internal work done by the stresses σ and µ over the strains γ and
χ for the body B0 [12] is
U =
∫
B0
[σ · γ + µ · χ] dv (18)
and
U = UK= UC
provided the constitutive relations (3) - (4) hold.
2.3 The Generalized Hellinger-Prange -Reissner (HPR)
Principle
The HPR principle [5] in the case of Cosserat elasticity states, that for any set A
of all admissible states s = [u,ϕ,γ,χ,σ,µ] that satisfy the strain-displacement,
torsion-rotation relations (5) and the initial condition, the zero variation
δΘ(s) = 0
of the functional
Θ(s) = UK −
∫
B0
[σ · γ − ρu¨ · u+ µ · χ− J ϕ¨ ·ϕ] dv (19)
+
∫
G1
[σn · (u− uo) + µn (ϕ−ϕo)] da+
∫
G2
[σo · u+mo · ϕ] da
at s ∈A is equivalent of s to be a solution of the system of equilibrium equations
(1) - (2), constitutive relations (6) - (7), which satisfies the mixed boundary
conditions (8) - (9). The proof is similar to the proof for HPR principle for
classic linear elasticity [5].
3 The Cosserat Plate Assumptions
In this section we formulate our stress, couple stress and kinematic assumptions
of the Cosserat plate. The set of points P = {Γ× [−h/2, h/2]} ∪ T ∪ B forms
the entire surface of the plate and {Γu × [−h/2, h/2]} is the lateral part of the
boundary where displacements and microrotations are prescribed. The notation
Γσ = Γ\Γu of the remainder we use to describe the lateral part of the boundary
edge {Γσ × [−h/2, h/2]} where stress and couple stress are prescribed. We also
use notation P0 for the middle plane internal domain of the plate.
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In our case we consider the vertical load and pure twisting momentum
boundary conditions at the top and bottom of the plate, which can be writ-
ten in the form:
σ33|x3=h/2 = σ
t(x1, x2, t), 33|x3=−h/2 = σ
b(x1, x2, t), (20)
σ3β |x3=h/2 = 0, σ3β|x3=−h/2 = 0 (21)
µ33|x3=h/2 = µ
t(x1, x2, t), µ33|x3=−h/2 = µ
b(x1, x2, t), (22)
µ3β |x3=h/2 = 0 = 0, µ3β |x3=−h/2 = 0, (23)
where (x1, x2) ∈ P0.
3.1 Stress, Couple Stress and Kinematics Assumptions
Our approach, which is in the spirit of the Reissner’s theory of plates [13],
assumes that the variation of stress σkl and couple stress µkl components across
the thickness can be represented by means of polynomials of x3.We adapt the
expressions for the stress and couple-stress components in the following form
[17]:
σαβ = nαβ(x1, x2, t) +
h
2
ζ3mαβ(x1, x2, t), (24)
σ3β = qβ(x1, x2, t)
(
1− ζ23
)
, (25)
σβ3 = q
∗
β(x1, x2, t)
(
1− ζ23
)
. (26)
σ33 = −
3
4
(
1
3
ζ33 − ζ3
)
p+ σ0, (27)
µαβ =
(
1− ζ23
)
rαβ(x1, x2, t). (28)
µβ3 = ζ3s
∗
β(x1, x2, t) +m
∗
β(x1, x2, t). (29)
µ3β = 0. (30)
µ33 = ζ3v + t, (31)
where p = σt(x1, x2, t) − σ
b(x1, x2, t), σ0 =
1
2
(
σt(x1, x2, t) + σ
b(x1, x2, t)
)
,
v(x1, x2) =
1
2
(
µt(x1, x2)− µ
b(x1, x2)
)
and t(x1, x2) =
1
2
(
µt(x1, x2) + µ
b(x1, x2)
)
.
satisfy the boundary condition requirements. We note that expression (27) is
identical to the expression of σ33 given in [13] in the case of σ
b = 0.
We also assume displacements uaare also distributed linearly over the thick-
ness of the plate [3] and that u3 does not vary over the thickness of the plate,
i.e.
uα = Uα(x1, x2, t)−
h
2
ζ3Vα(x1, x2, t), (32)
u3 = w(x1, x2, t), (33)
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where the terms Vα(x1, x2, t) represent the rotations in middle plane. The vari-
ation of microrotation with respect to x3 be represented by means of the second
and third order polynomials [17]:
ϕα = Θ
0
α(x1, x2, t)
(
1− ζ23
)
, (34)
ϕ3 = Θ
0
3(x1, x2, t) + ζ3
(
1−
1
3
ζ23
)
Θ3(x1, x2, t). (35)
where ζ3 =
2
hx3, α, β ∈ {1, 2}.
We also assume that initial condition can be presented in the similar form,
so they can be reduced to the form
Uα(x1, x2, 0) = U
0
α(x1, x2), Vα(x1, x2, 0) = V
0
α (x1, x2), (36)
w(x1, x2, 0) = w
0(x1, x2) (37)
U˙α(x1, x2, 0) = U˜
0
α(x1, x2), V˙α(x1, x2, 0) = V˜
0
α (x1, x2), (38)
w˙(x1, x2, 0) = w˜
0(x1, x2)
and
Θ0α(x1, x2, 0) = Θ
0
oα(x1, x2), (39)
Θ03(x1, x2, 0) = Θ
0
o3(x1, x2) and Θ3(x1, x2, t) = Θo3(x1, x2).
Θ˙0α(x1, x2, 0) = Θ˜
0
oα(x1, x2), (40)
Θ˙03(x1, x2, 0) = Θ˜
0
o3(x1, x2) and Θ˙3(x1, x2, t) = Θ˜o3(x1, x2).
4 Specification of HPR Variational Principle for
the Dynamics of Cosserat Plates
The HPR variational principle for a Cosserat plate is most appropriately ex-
pressed in terms of corresponding integrands calculated across the whole thick-
ness. We also introduce the weighted characteristics of displacements, micro-
rotations, strains and stresses of the plate, which will be used to produce the
explicit forms of these integrands.
4.1 The Cosserat plate stress energy density
We define the plate stress energy density by the formula;
Φ(S) =
h
2
∫ 1
−1
Φ {σ,µ} dζ3. (41)
6
Taking into account the stress and couple stress assumptions (24) - (31) and
by the integrating Φ {σ,µ} with respect ζ3 in [−1, 1] we obtain the explicit
plate stress energy density expression in the form [17]:
Φ(S) =
λ+ µ
2hµ(3λ+ 2µ)
[
N2αα +
12
h2
M2αα
]
−
λ
2hµ(3λ+ 2µ)
[
N11N22 +
12
h2
M11M22
]
+
α+ µ
8hαµ
[
(1 − δαβ)
(
N2αβ +
12
h2
M2αβ
)
+
6
5
(
QαQα +Q
∗
βQ
∗
β
)]
+
3(α− µ)
10hαµ
[
QαQ
∗
α +
5
6
N12N21 +
10
h2
M12M21
]
+
3λ
5hµ(3λ+ 2µ)
Q∗α,αMββ
+
3
5hγ(3β + 2γ)
[
(β + γ)R2αα − βR11R22
]
+
3
10h
(
1
γ
−
1
ǫ
)
R12R21
+
17h(λ+ µ)
280µ(3λ+ 2µ)
(
Q∗α,α
)2
+
λ
2µ(3λ+ 2µ)
(Nαα)σ0
+
h(λ+ µ)
2µ(3λ+ 2µ)
σ20 −
γ + ǫ
hγǫ
[
1
8
M∗αM
∗
α +
3
2h2
S∗αS
∗
α +
3
20
(1 − δβγ)R
2
βγ
]
−
β
2γ(3β + 2γ)
Rααt+
h(β + γ)
2γ(3β + 2γ)
t2 +
h(β + γ)
6γ(3β + 2γ)
v2, (42)
where the Cosserat stress set
S =
[
Mαβ, Qα, Q
∗
3α, Rαβ , S
∗
β , Nαβ ,M
∗
α
]
, (43)
where
Mαβ =
(
h
2
)2 ∫ 1
−1
ζ3σαβdζ3 =
h3
12
mαβ, (44)
Qα =
h
2
∫ 1
−1
σ3αdζ3 =
2h
3
qα, Q
∗
α =
h
2
∫ 1
−1
σα3dζ3 =
2h
3
q∗α
Rαβ =
h
2
∫ 1
−1
µαβdζ3 =
2h
3
rαβ ,
S∗α =
(
h
2
)2 ∫ 1
−1
ζ3µα3dζ3 =
h2
6
s∗α,
Nαβ =
h
2
∫ 1
−1
σαβdζ3 = hnαβ , M
∗
α =
h
2
∫ 1
−1
µα3dζ3 = hm
∗
α,
Here M11 and M22 are the bending moments, M12 and M21 the twisting
moments, Qα the shear forces, Q
∗
α the transverse shear forces, R11 and R22 the
micropolar bending moments, R12 and R21 the micropolar twisting moments,
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S∗α the micropolar couple moments, all defined per unit length, N11 and N22 are
the bending forces, N12 and N21 the twisting forces, M
∗
α the micropolar shear
couple-stress resultants.
Then the stress energy of the plate P
USK =
∫
P0
Φ(S)da, (45)
where P0 is the internal domain of the middle plane of the plate P.
4.2 The density of the work done over the Cosserat plate
boundary
In the following consideration we also assume that the proposed stress, couple
stress, and kinematic assumptions are valid for the lateral boundary of the plate
P as well.
We evaluate the density of the work over the boundary Γu × [−h/2, h/2]
W1 =
h
2
∫ 1
−1
[σn · u+ µnϕ] dζ3. (46)
Taking into account the stress and couple stress assumptions (24) - (31) and
kinematic assumptions (32) - (35) we are able to represent W1 by the following
expression [17]:
W1 = Sn·U =MˇαΨα + Qˇ
∗W + RˇαΩ
0
α + Sˇ
∗Ω3 + NˇαUα + Mˇ
∗Ω03, (47)
where the sets Sn and U are defined as
Sn =
[
Mˇα, Qˇ
∗, Rˇα, Sˇ
∗, Nˇα, Mˇ
∗
]
,
U =
[
Ψα,W,Ω
0
α,Ω3, Uα,Ω
0
3
]
and
Mˇα = Mαβnβ , Qˇ
∗ = Q∗βnβ , Rˇα = Rαβnβ ,
Sˇ∗ = S∗βnβ , Nˇα = Nαβnβ, Mˇ
∗ =M∗βnβ ,
In the above nβ is the outward unit normal vector to Γu, and
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Ψα =
3
h
∫ 1
−1
ζ3uαdζ3,
W =
3
4
∫ 1
−1
(
1− ζ2
)
u3dζ3,
Ω0α =
3
4
∫ 1
−1
(
1− ζ2
)
ϕαdζ3 (48)
Ω3 =
3
h
∫ 1
−1
ζ3ϕ3dζ3
Uα =
1
2
∫ 1
−1
uαdζ3,
Ω03 =
1
2
∫ 1
−1
ϕ3dζ3,
Here Ψα are the rotations of the middle plane around xα axis, W the vertical
deflection of the middle plate, Ω0k the microrotations in the middle plate around
xk axis, Uα is the in-plane displacements of the middle plane along xa axis, Ω3
the rate of change of the microrotation ϕ3 along x3.
We also obtain the correspondence between the weighted displacement and
the microrotations (48) and the kinematic variables by applying (??) and (35)
in integration of expressions (48):
Ψα = Vα(x1, x2, t),W = w(x1, x2, t), (49)
Ω0α = k
∗
1Θ
0
α(x1, x2, t), Ω3 =
k∗2
h
Θ3(x1, x2, t),
Uα = Uα(x1, x2, t), Ω
0
3 = Θ
0
3(x1, x2, t),
where coefficients k∗1 and k
∗
2 depend on the variation of microrotations. Under
the conditions (35) we have that k∗1 =
4
5 and k
∗
2 =
8
5 .
The density of the work over the boundary Γσ × [−h/2, h/2]
W2 =
h
2
∫ 1
−1
(σoαuα +moαϕα)nαdζ3
can be presented in the form [17]
W2 = So·U =ΠoαΨα +Πo3W +MoαΩ
0
α +M
∗
o3Ω3 +Σo,αUα +Υo3Ω
0
3,
where
So= [Πoα,Πo3,Moα,M
∗
o3,Σo,α,Υo3]
U =
[
Ψα,W,Ω
0
α,Ω3, UαΩ
0
3
]
,
Mαβnβ = Πoα, Rαβnβ =Moα,
Q∗αnα = Πo3, S
∗
αnα =M
∗
o3. (50)
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Nαβnβ = Σα, (51)
M∗αnα = Υo3. (52)
Now nβ is the outward unit normal vector to Γσ, and
Πoα =
(
h
2
)2 ∫ 1
−1
ζ3σoαdζ3, Moα =
h
2
∫ 1
−1
µoαdζ3,
Πo3 =
h
2
∫ 1
−1
(σo3 − σ0) dζ3, M
∗
o3 =
h
2
∫ 1
−1
(µo3 − tn3)dζ3,
Σo,α =
h
2
∫ 1
−1
σoαdζ3, Υo3 =
(
h
2
)2 ∫ 1
−1
ζ3 (µo3 − ζ3v) dζ3. (53)
We are able to evaluate the work done at the top and bottom of the Cosserat
plate by using boundary conditions (20) and (22)
∫
T∪B
(σo3u3 +mo3ϕo3)n3da =
∫
P0
(pW + vΩ03)da.
4.3 The Cosserat plate internal work density
Here we define the density of the work done by the stress and couple stress over
the Cosserat strain field:
W3 =
h
2
∫ 1
−1
(σ · γ + µ · χ) dζ3. (54)
Substituting stress and couple stress assumptions (24) - (31) and integrating
expression (54) we obtain the following expression [17]:
W3 = S · E =Mαβeαβ +Qαωα+Q
∗
3αω
∗
α+Rαβταβ +S
∗
ατ3α+Nαβυαβ+M
∗
ατ
0
3,α,
(55)
where E is the Cosserat plate strain set of the the weighted averages of strain
and torsion tensors
E =
[
eαβ, ωβ , ω
∗
a, τ3α, ταβ , υαβ , τ
0
3,α
]
.
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Here the components of E are
eαβ =
3
h
∫ 1
−1
ζ3γαβdζ3, (56)
ωα =
3
4
∫ 1
−1
γα3
(
1− ζ2
)
dζ3, (57)
ω∗α =
3
4
∫ 1
−1
γ3α
(
1− ζ2
)
dζ3, (58)
τ3α =
3
h
∫ 1
−1
ζ3χ3αdζ3, (59)
τ0αβ =
3
4
∫ 1
−1
χαβ
(
1− ζ2
)
dζ3, (60)
υαβ =
1
2
∫ 1
−1
γαβdζ3, (61)
τ03α =
1
2
∫ 1
−1
χ3αdζ3. (62)
The components of Cosserat plate strain (56)-(62) can also be represented
in terms of the components of set U by the following formulas [17]:
eαβ = Ψβ,α + ε3αβΩ3,
ωα = Ψα + ε3αβΩ
0
β,
ω∗α = W,α + ε3αβΩ
0
β ,
τ3α = Ω3,α, (63)
τ0αβ = Ω
0
β,α,
υαβ = Uβ,α + ε3αβΩ
0
3,
τ03α = Ω
0
3,α.
We call the relation (63) the Cosserat plate strain-displacement relation.
4.4 The density of the kinetic energy
Here we define the density of the kinetic energy:
W4 =
h
2
∫ 1
−1
(ρu¨ · u+ J ϕ¨ · ϕ) dζ3,
which can be presented in the form
W4 = KU¨ · U=IoΨ¨αΨα + ρoW¨W + IoαΩ¨
0
αΩ
0
α + J
∗
3 Ω¨3Ω3 + ρoU¨αUα + Io3Ω¨
0
3Ω
0
3,
where
U=
[
Ψˆα, W¨ , Ω¨
0
α, Ω¨3, U¨α, Ω¨
0
3
]
,
11
K= [Io, ρo, Ioα, J
∗
3 , ρo, Io3] ,
and
KU¨=
[
IoΨ¨α, ρoW¨ , IoαΩ¨
0
α, J
∗
3 Ω¨3, ρoU¨α, Io3Ω¨
0
3
]
,
where
Io =
ρh3
12
, ρo = ρh, Ioα = k
∗
3Jah, J
∗
3 = k
∗
4J3h
3, Io3 = J3h,
k∗3 =
5
6
, k∗4 =
25
32
.
5 Cosserat Plate HPR Principle
It is natural now to reformulate HPR variational principle for the Cosserat plate
P . Let A denote the set of all admissible states that satisfy the Cosserat plate
strain-displacement relation (63) and let Θ be a HPR functional on A defined
by
Θ(s) = USK−
∫
P0
(S · E−KU¨ ·U−pW−vΩ03)da+
∫
Γσ
So· (U − Uo) ds+
∫
Γu
Sn·Uds,
(64)
for every s = [U , E ,S] ∈ A, then
δΘ(s) = 0
is equivalent to the following plate bending (A) and twisting (B) mixed prob-
lems.
A. The flexural motions system of equations:
Mαβ,α −Qβ = IoΨ¨β, (65)
Q∗a,α + p = ρoW¨ , (66)
Rαβ,α + ε3βγ
(
Q∗γ −Qγ
)
= IoβΩ¨
0
β, (67)
S∗α,α + ǫ3βγMβγ = J
∗
3 Ω¨3, (68)
with the resultant traction boundary conditions :
Mαβnβ = Πoα, Rαβnβ =Moα, (69)
Q∗αnα = Πo3, S
∗
αnα = Υo3, (70)
at the part Γσ and he resultant displacement boundary conditions
12
Ψα = Ψoα, W =Wo, Ω
0
α = Ω
0
oα, Ω3 = Ωo3, (71)
at the part Γu.
The constitutive formulas:
eαα =
∂Φ
∂Mαα
=
12(λ+ µ)
h3µ(3λ+ 2µ)
Mαα (72)
− |εαβ3|
6λ
h3µ(3λ+ 2µ)
Mββ +
3λ
5hµ(3λ+ 2µ)
(
Q∗β,β
)
, (73)
eαβ =
∂Φ
∂Mαβ
=
3(α+ µ)
h3αµ
Mαβ +
3(α− µ)
h3αµ
Mβα, α 6= β
ωα =
∂Φ
∂Qα
=
3(α− µ)
10hαµ
Q∗α +
3(α+ µ)
10hαµ
Qα, (74)
ω∗α =
∂Φ
∂Q∗α
=
3(α− µ)
10hαµ
Qα +
3(α+ µ)
10hαµ
Q∗α,
τ0αα =
∂Φ
∂Rαα
=
6(β + γ)
5hγ(3β + 2γ)
Rαα − (75)
|εαβ3|
3β
5hγ(3β + 2γ)
Rββ −
β
2γ(3β + 2γ)
t,
τ0αβ =
∂Φ
∂Rβα
=
3(ǫ− γ)
10hγǫ
Rαβ +
3(γ + ǫ)
10hγǫ
Rβα, α 6= β
τ3α =
∂Φ
∂S∗α
=
3(γ + ǫ)
h3γǫ
S∗α. (76)
B. The extensional motions system of equations:
Nαβ,α = ρoU¨β , (77)
M∗α,α + ǫ3βγNβγ + v = Io3Ω¨
0
3, (78)
with the resultant traction boundary conditions at Γσ:
Nαβnβ = Σα, (79)
M∗αnα = M
∗
o3, (80)
and the resultant displacement boundary conditions at Γu:
Uα = Uoα, Ω
0
3 = Ω
0
o3. (81)
The constitutive formulas:
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ωαα =
∂Φ
∂Nαα
=
λ+ µ
hµ(3λ+ 2µ)
Nαα
−
λ
2hµ(3λ+ 2µ)
N(α+1)(α+1) −
λ
2µ(3λ+ 2µ)
σ0, (82)
ωαβ =
∂Φ
∂Nαβ
=
α+ µ
4hαµ
Nαβ +
α− µ
4hαµ
Nβα, α 6= β (83)
τ03α =
∂Φ
∂M∗α
=
γ + ǫ
4hγǫ
M∗α. (84)
We also represent the above constitutive relation in the compact form:
E = K [S] = K · S,
where we call K the compliance Cosserat plate tensor.
Proof of the theorem. The variation of Θ(s)
δΘ(s) =
∫
P0
{
(K [S]− E) · δS−KU¨ · δU − SδE+pδW + vδΩ03
}
da
+
∫
Γσ
{δSo· (U − Uo) + So·δU} ds+
∫
Γu
Sn·δUds.
We apply Green’s theorem and integration by parts for S and δU [5] to the
expression:
∫
P0
S · δEda =
∫
∂P0
Soδ·U ds−
∫
P0
{(Mαβ,α −Qβ−) δΨβ +Q
∗
α,αδW
+
(
Rαβ,α + ε3βγ
(
Q∗γ −Qγ
)
Rαβ,α
)
δΩ0β
+
(
S∗α,α + ǫ3βγMβγ
)
δΩ3 +Nαβ,αδUβ
+
(
M∗α,α + ǫ3βγNβγ
)
δΩ03}da.
Then based on the fact that δU and δE satisfy the Cosserat plate strain-
displacement relation (63), we obtain
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δΘ(s) =
∫
P0
{(K [S]− E) · δS − SδE} da
+
∫
P0
{
(
Mαβ,α −Qβ − IoΨ¨β
)
δΨβ +
(
Q∗α,α + p− ρoW¨
)
δW
+
(
Rαβ,α + ε3βγ
(
Q∗γ −Qγ
)
Rαβ,α − IoβΩ¨
0
β
)
δΩ0β
+
(
S∗α,α + ǫ3βγMβγ − J
∗
3 Ω¨3
)
δΩ3 +
(
Nαβ,α − ρoU¨β
)
δUβ
+
(
M∗α,α + ǫ3βγNβγ + v − Io3Ω¨
0
3
)
δΩ03}da
+
∫
Γσ
δSo· (U − Uo) ds+
∫
Γu
(So − Sn)·δUds.
If s is a solution of the mixed problem, then
δΘ(s) =0.
On the other hand, some extensions of the fundamental lemma of calculus
of variations [5] together with the fact that U and E satisfy the Cosserat plate
strain-displacement relation (63) imply that S is a solution of the A and B
mixed problems.
6 Field Equations Governing Flexural and Ex-
tensional Motions in terms of Kinematics Vari-
ables
For the future consideration we represent the constitutive relations in the fol-
lowing form2
Mαα = D (Ψα,α + νΨα′,α′) +
νh2
10(1− ν)
p, (85)
Mα′α =
D
2
(1 + v)
(1 −N2)
(
Ψα′,α +Ψα,α′ + 2N
2(−1)α+1 (Ω3 −Ψα′,α)
)
(86)
Rα′α = κ
2
2Gh
(
(l2t − 2l
2
b)Ω
0
α′,α + 2l
2
bΩ
0
α,α′
)
, (87)
Rαα = κ
2
2Ghl
2
t
(
Ω0α,α + (1−Ψ)
(
Ω0α,α +Ω
0
α′,α′
))
+
2Gl2t (1−Ψ)
Ψ
t,
2In the following formulas a subindex α′ = 1 if α = 2 and α′ = 2 if α = 1
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Qα = κ
2
1
Gh
(1−N2)
(
W,α +Ψα − 2N
2
(
W,α + (−1)
α′Ω0α′
))
,
Q∗α = κ
2
1
Gh
(1−N2)
(
W,α +Ψα − 2N
2
(
Ψα + (−1)
αΩ0α′
))
, (88)
S∗α =
Gl2t (4l
2
b − l
2
t )h
3
12l2b
Ω3,α, (89)
Nαα =
Eh
(1− ν2)
(Ua,α + νUα′,α′) +
hν
1− ν
σ0, (90)
Nα′α =
Gh
(1 −N2)
(
Uα′,α + Uα,α′ − 2N
2
(
Uα′,α + (−1)
αΩ03
))
, (91)
M∗α =
Gl2t (4l
2
b − l
2
t )h
l2b
Ω03,α, (92)
where we use the following technical constants [4], [6]: the Young’s modulus
E = µ(3λ+2µ)λ+µ , the Poisson’s ratio ν =
λ
2(λ+µ) , the shear modulus G =
E
2(1+ν) ,
the flexural rigidity of the plate D = Eh
3
12(1−ν2) , the characteristic length for
torsion lt =
√
γ
µ , the characteristic length for bending lb =
1
2
√
γ+ǫ
µ , the coupling
number N =
√
α
µ+α , the polar ratio Ψ =
2γ
β+2γ , κ
2
1 =
5
6 and κ
2
2 =
5
3 .
Remark: The values of κ1 and κ2 depend on the form of approximation. For
instance, in the Mindlin’s case of dynamics [11] the value of κ21 =
π
12 , i.e. is
slightly different.
After substitution (85) - (92) into (65) - (68) and (77) - (78) we obtain bend-
ing and twisting governing systems. We write system for the flexural motions
in the form:
L (∂x)H− F =
∂p
∂t
, x ∈P0, (93)
where L (∂x) = L
(
∂
∂xa
)
,
L (ξ) = L (ξα) =


L11 L12 L13 L14 0 L16
L12 L22 L23 L24 −L16 0
−L13 −L23 L33 0 L35 L36
−L14 L24 0 L44 0 0
0 L16 −L35 0 L55 L56
L16 0 L36 0 −L56 L66


,
HT =
[
Ψ1 Ψ2 W Ω3 Ω
0
1 Ω
0
2
]
,
and
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FT =
[
F1 F2 F3 F4 F5 F6
]
.
In the above
pT=
[
ρh3
12
∂Ψ1
∂t
ρh3
12
∂Ψ2
∂t ρh
∂W
∂t k4J3h
3 ∂Ω3
∂t k3J1h
∂Ω0
1
∂t k3J2h
∂Ω0
2
∂t
]
,
L11 = L11(ξ1, ξ2) = k1ξ
2
1 + k2ξ
2
2 − k3, L22 = L11(ξ2, ξ1), L33 = k4∆,
L44 = k5∆− k6, L55 = L55(ξ1, ξ2) = k7ξ
2
1 + k8ξ
2
2 − k9, L66 = −L55(ξ2, ξ1),
L12 = k10ξ1ξ2, L13 = k11ξ1, L14 = k12ξ2, L16 = k13, L23 = k11ξ2,
L24 = k12ξ1, L35 = −k13ξ2, L36 = k13ξ1, L56 = k14ξ1ξ2,∆ = ξ
2
1 + ξ
2
2,
F1 = −
h2ν(1−N2)
10(1− ν)
∂p
∂x1
, F2 = −
h2ν(1−N2)
10(1− ν)
∂p
∂x2
,
F3 = −(1−N
2)p, F4 = 0, F5 = −
5h(1−N2)
6
(1−Ψ)
∂t
∂x1
,
F6 =
5h(1−N2)
6
(1−Ψ)
∂t
∂x2
Here
k1 = D(1−N
2), k2 =
D(1− ν)
2
, k3 = −
5Gh
6
, k4 =
5Gh
6
,
k5 =
D(1− ν)l2t (4l
2
b − l
2
t )(1−N
2)
2l2b
, k6 = 2N
2D(1− ν),
k7 =
5h(1−N2)Gl2t (2 −Ψ)
3
, k8 =
10h(1−N2)Gl2b
3
, k9 =
10hGN2
3
,
k10 =
D(1 + ν − 2N2)
2
, k11 =
5Gh(2N2 − 1)
6
, k12 = DN
2(1 − ν),
k13 =
5GhN2
3
, k14 =
5h(1−N2)G
(
l2t (2−Ψ)− 2l
2
b
)
3
.
The correspondent boundary and initial conditions are
T(∂x)H− F
∗= 0, x ∈Γσ, (94)
H−Ho = 0, x ∈Γu, (95)
and
H(x,0) = H 0
∂tH(x,0) = Hˆ
0
where differential operator T (∂x) = T
(
∂
∂xa
)
,
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T (ξ) = T (ξα) =


T11 T12 0 T14 0 0
T21 T22 0 T24 0 0
T31 T32 T33 0 0 T36
0 0 0 T44 0 0
0 0 0 0 T55 T56
0 0 0 0 T65 T66


,
and
(F ∗)
T
=
[
F ∗1 F
∗
2 F
∗
3 F
∗
4 F
∗
5 F
∗
6
]
,
HTo =
[
Ψo1 Ψo2 Wo Ωo3 Ω
0
o1 Ω
0
o2
]
.
In the above
T11 = T1(ξ1, ξ2), T22 = T1(ξ2, ξ1), T1(ξ1, ξ2) = Dn1ξ1 +
D(1 + ν)
2(1−N2)
n2ξ2,
T33 =
5Gh
6(1−N2)
(n1ξ1 + n2ξ2) , T44 =
Gl2t (4l
2
b − l
2
t )h
3
12l2b
(n1ξ1 + n2ξ2),
T55 =
5Gh
3
(l2tn1(2−Ψ)ξ1 + 2l
2
bn2ξ2), T66 =
5Gh
3
(2l2bn1ξ1 + l
2
t (2−Ψ)n2ξ2),
T12 = Dνn1ξ2 +
D(1 + ν)(1 − 2N2)
2(1−N2)
n2ξ1, T14 =
D(1 + ν)N2
1−N2
n2,
T21 = Dνn2ξ1 +
D(1 + ν)(1 − 2N2)
2(1−N2)
n1ξ2, T24 = −
D(1 + ν)N2
1−N2
n1,
T31 =
5Gh(1− 2N2)
6(1−N2)
n1, T32 =
5Gh(1− 2N2)
6(1−N2)
n2, T36 =
5GhN2
3(1−N2)
(n1 − n2),
T56 = T65 = T2(ξ2, ξ1), T2(ξ1, ξ2) =
5Gh
3
(l2tn1(1−Ψ)ξ2 + (l
2
t − 2l
2
b)n2ξ1),
F ∗1 = −
νh2
10(1− ν)
n1p−Πo1, F
∗
2 = −
νh2
10(1− ν)
n2p−Πo2,
F ∗3 = −Πo3, F
∗
4 = −Mo3,
F ∗5 = −
2Gl2t (1−Ψ)
Ψ
n1t−Mo1, F
∗
6 = −
2Gl2t (1−Ψ)
Ψ
n2t−Mo2.
The governing system for the extensional motions is
L˜ (∂x) H˜− F˜=
∂p˜
∂t
, x ∈P0, (96)
where
L˜ (ξ) = L˜ (ξα) =

 L˜11 L˜12 L˜13L˜21 L˜22 L˜23
L˜31 L˜32 L˜33


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and
F˜T =
[
F˜1 F˜2 F˜3
]
,
H˜T =
[
U1 U2 Ω
0
3
]
,
p˜T = ∂t
[
ρ0
∂U1
∂t ρ0
∂U2
∂t Io3
∂Ω0
3
∂t
]
Here
T˜11 = κ1ξ
2
1 + κ2ξ
2
2, T˜12 = κ3ξ1ξ2, T˜13 = 2κ4ξ2,
T˜21 = T˜12, T˜22 = T˜11, T˜23 = 2κ4ξ1,
T˜31 = −κ4ξ2, T˜32 = κ4ξ1, T˜33 = κ5(ξ
2
1 + ξ
2
2)− κ2,
F˜ ∗1 = −
νκ1
2G
∂σ0
∂x1
, F˜ ∗2 = −
νκ1
2G
∂σ0
∂x2
, F˜ ∗3 = −
(1−N2)
Gh
v,
κ1 =
2(1−N2)
1− ν
, κ2 = 2N
2, κ3 = 1− κ1 =
(1 + ν − 2N2)
(1− ν)
,
κ4 = N
2, κ5 =
l2t (4l
2
b − l
2
t )(1−N
2)
2l2b
.
The boundary and initial conditions for the extensional system has the fol-
lowing form:
T˜(∂x)H˜− F˜
∗= 0, x ∈Γσ (97)
H˜− H˜o = 0, x ∈Γu, (98)
and
H˜(x,0)= H˜
0
∂tH˜(x,0)= H˘
0
where differential operator T˜ (∂x) = T˜
(
∂
∂xa
)
,
T˜ (ξ) = T˜ (ξα) =

 T˜11 T˜12 T˜13T˜21 T˜22 T˜23
0 0 T˜33

 ,
(
F˜∗
)T
=
[
F˜1
∗
F˜2
∗
F˜3
∗
]
(
H˜o
)T
=
[
Uo1 Uo2 Ω
0
o3
]
.
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In the above
T˜11 =
Ehn1
1− ν2
ξ1 +
Ghn2
1−N2
ξ2, T˜12 =
Ehνn1
1− ν2
ξ2 +
Ghn2(1− 2N
2)
1−N2
ξ1,
T˜13 =
2N2Ghn2
1−N2
, T˜21 =
Ehνn2
1− ν2
ξ1 +
Ghn1(1− 2N
2)
1−N2
ξ2,
T˜22 =
Ehn2
1− ν2
ξ1 +
Ghn1
1−N2
ξ1, T˜23 = −
2N2Ghn1
1−N2
,
T˜33 =
Gl2t (4l
2
b − l
2
t )h
l2b
(ξ1n1 + ξ2n2),
F˜ ∗1 = −Σ0,1 −
hνn1
1− ν
σ0, F˜
∗
2 = −Σ0,2 −
hνn2
1− ν
σ0, F˜3
∗
= −M03.
7 Conclusion
We proposed a new mathematical model for dynamics of Cosserat elastic plates
based on Reissner-Mindlin’s plate theory. The polynomial approximations of
the variation of couple stress and micropolar rotations in the thickness direc-
tion allowed us to project Cosserat 3D Elasticity dynamics equations into the
dynamics equations in the middle plane of the plate. We generalized fir the
dynamics Hellinger-Prange -Reissner (HPR) principle to derive the dynamics
equations in the middle plane and constitutive relationships for the plate. In
terms of the kinematic variables, the total system of dynamic equations de-
scribes the flexural (subsystem of 6 equations) and the extensional (subsystem
of 3 equations) motions of the plate.
References
[1] Bathe K. J., Brezzi F.: On the convergence of a four node plate bending
element based on Mindlin-Reissner plate theory and a mixed interpolation,
The Mathematics of Finite Elements and Applications V ( Uxbridge,1984),
Academic Press, London, 491-503, (1985)
[2] Donnell L. H.: Beams Plates and Shells, McGraw-Hill, New York (1976)
[3] Eringen A. C.: Theory of micropolar plates, Journal of Applied Mathemat-
ics and Physics, Vol. 18, 12-31, (1967)
[4] Gauthier R.D., Jahsman W.E.: A quest for micropolar elastic constants,
Journal of Applied Mechanics, 42, 369-374 (1975)
[5] Gurtin M. E.: The Linear Theory of Elasticity in Handbuch der Physik,
Vol. VIa/2; C. Truesdell (editor), Springer-Verlag, 1-296 (1972)
[6] Lakes R.: Experimental methods for study of Cosserat elastic solids and
other generalized elastic continua. In Mu¨hlhaus H (ed.), Continuum Models
for Materials with Microstructures, Wiley J, 1-22, New York (1995)
20
[7] Love A. E. H.: A Treatise on the Mathematical Theory of Elasticity, Dover,
New York (1986)
[8] Naghdi P. M.: The Theory of Shells and Plates, in Handbuch der Physik,
Vol. VIa/2; C. Truesdell (editor), Springer-Verlag, 425-640 (1972)
[9] Neff P.: A geometrically exact Cosserat-shell model including size ef-
fects,avoiding degeneracy in the thin shell limit. Part I: Formal dimensional
reduction for elastic plates and existence of minimizers for positive Cosserat
couple modulus. Cont. Mech. Thermodynamics, 16: 577-628 (2004)
[10] Neff P.: The Cosserat couple modulus for continuous solids is zero
viz the lineaqrized Couchy-stress tensor is symmetric. Preprint 2409,,
http://www3.mathematik.tudarmstadt.de/fb/mathe/bibliothek/preprints.html
(2005)
[11] Mindlin R.D.: Influence of Rotary Inertia and Shear on Flexural Motions
of Isotropic, Elastic Plates, Journal of Applied Mechanics, 73, 31-38 (1951)
[12] Nowacki W.: Theory of Asymmetric Elasticity, Pergamon Press, Oxford,
New York (1986)
[13] Reissner E.: The effect of transverse shear deformation on the bending of
elastic plates, Journal of Applied Mechanics, June, 69-77 (1945)
[14] Reissner E.: On the theory of Elastic Plates, Journal of Mathematics and
Physics, 23, 184-191, (1944)
[15] Reissner E.: Reflections on the theory of elastic plates, Applied Mechanics
Reviews, 38, 1453-1464 (1985)
[16] Ro¨ssle A., Bischoff M., Wendland W., Ramm E.: On the mathematical
foundation of the (1,1,2)-plate model, International Journal of Solids and
Structures, 36, 2143-2168 (1999)
[17] Steinberg L.: Elastic Plate Deformation with Transverse Variation of Mi-
crorotation, arXiv:0811.1534v1, November (2008)
[18] Timoshenko S. and Woinowsky-Krieger S.: Theory of Plates and Shells,
McGraw-Hill (1959)
[19] Wan F.Y.M.: Lectures Notes on Problems in Elasticty:II Linear Plate The-
ory. Tech.Rep. No. 83-15, Institute of Applied Mathematics, Univesity of
British Columbia (1983)
21
